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     Comprehensive Handbook of Mathematics1 lists special class of piecewise 
identities that includes the following two: 

sin$%𝑥 + sin$%𝑦 = *
sin$%+𝑥,1 − 𝑦/ + 𝑦√1 − 𝑥/1, if	𝑥𝑦 ≤ 0, 𝐨𝐫	𝑥/ + 𝑦/ ≤ 1

π − sin$%+𝑥,1 − 𝑦/ + 𝑦√1 − 𝑥/	1, if		𝑥 > 0, 𝑦 > 0, 𝐚𝐧𝐝	𝑥/ + 𝑦/ > 1
−π − sin$%+𝑥,1 − 𝑦/ + 𝑦√1 − 𝑥/1, if		𝑥 < 0, 𝑦 < 0, 𝐚𝐧𝐝	𝑥/ + 𝑦/ > 1		,

                            

 cos$%𝑥 + cos$%𝑦 = A
cos$%+𝑥𝑦 − √1 − 𝑥/,1 − 𝑦/1,			if	𝑥 + 𝑦 ≥ 0

2π − cos$%+𝑥𝑦 − √1 − 𝑥/,1 − 𝑦/1, if	𝑥 + 𝑦 < 0			.
	         

The alternative, non-piecewise identities advancing the list  
                                            sin$%𝑥 + sin$%𝑦 = 2sin$%𝑣 ,                                (1) 
                                            cos$%𝑥 + cos$%𝑦 = 2cos$%𝑣 ,                              (2) 
                                 where  	2𝑣 = ,(1 + 𝑥)(1 + 𝑦) − ,(1 − 𝑥)(1 − 𝑦)  ,                (a)    
were discovered in Canada in 2010. The same year their algebraic component (a) 
prompted conjugate invention of arc midpoint computation2. Note, that (1), (2), (a) 
is a complete version of (1), (2) with   
                                          	𝑣 = 	 HIJ

K/L%IHJI,(%$HM)(%$JM)N
    ,                                    (b) 

that was revealed in Ukraine in 1998. Beside additional simplicity, version (a) works 
at any point of the 2x2 square 𝑥, 𝑦 ∈ [−1, 1], while version (b) fails at some of its 
points. As an exercise one… 
I. Determine the points in 𝒙, 𝒚 ∈ [−𝟏, 𝟏]  at which (1), (2), (b) does not work. 
     It is easy to derive (2) from (1)  

cos$%𝑥 + cos$%𝑦 =
𝜋
2 − sin

$%𝑥 +
𝜋
2 − sin

$%𝑦 = 𝜋 − (sin$%𝑥 + sin$%𝑦) 

= 𝜋 − 2sin$%𝑣 = 2 LV
/
− sin$%𝑣N = 2cos$%𝑣 . 

The formal logic, however, requires the direct proof of (1). As an exercise two… 
II. Prove (1), (a) directly, without using (2). 
    IB students may find this topic informative for Mathematics explorations and essays in 
Theory of Knowledge.                                                                
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