Thoughts on teaching Per mutations, Combinations and the
Binomial theorem

Penelope Nom
Per mutations:

First introduce n! as the number of ways of lining up n people: There are n choices for the first spot, (n-1)
choices for the second, (n-2) choices for the third, and so on giving n(n-1)(n-2) ... (3)(2)(1) =nlinall.

Emphasize how fast n! grows. It actually grows similar to n”*n. (We use m™*n to denote m to the nth power.)
For example have the students guess how long it would take for usto run through forming all the possible
gueues of 20 people if we could form anew queue every second. (It actually takes billions of years. Usually
very few students will have any idea of how long it will take and probably will have to work it out to believe
it.) Thistype of exponential growth obviously makesit very important to avoid factorial numbers of stepsin
computer algorithms, etc.

(The notations for permutations and combinations vary quite a bit, for example with combinations we often see

both *=1 and [“] ; certainly the latter should be used somewhat asit isalmost a universal symbol for
1

combinations and is used particularly often when discussing the binomial theorem.) In the present medium we

are somewhat restricted in the use of graphics and thus we will frequently use [n]P[r] and [n]C[r] to denote the

number of permutations, respectively combinations, taken r at atime. For clarity and emphasis we will often

use an * to denote multiplication.

After looking at permutations of n distinct objects| find it useful to introduce the number of permutations of n
distinct objectstaken r at atime asfollows:

Suppose that n people show up at a theatre but inside the main doors thereis only room for a queue of length r
people between the doors and the ticket window. The number of such queues of length r can then be found by
filling in the spots one at atime. There are n choices for the first spot, (n-1) for the second, ..., and finally
(n-r+1) choicesfor the rth spot (note that after the rth spot isfilled, (n-r) people remain outside so that at the
previous step there were (n-r+1) people to choose from). The number of permutations of n distinct objects
takenr at atimeisthus

[n]P[r] = n(n-1)(n-2)...(n-r+1) which can be written as [n]P[r] = n!/(n-r)!
Try to get the students to understand the idea of forming the queue rather than ‘memorizing' the formulafor

[n]P[r], it isthen they will understand and be able to recall what the correct expressionis. It should be stressed
repeatedly that order isimportant when talking of permutations. One islining up objects, people, whatever.

Combinations:

Combinations count the number of ways of choosing r of n distinct objects - no order isinvolved, just the
number of ways of choosing them.

Denote the number of ways of choosing r of n distinct objects by [n]C[r]. Clearly thisis an integer, but what
integer? Going back to the queues inside the theatre doors, we solve this problem a second way and then
equate the answers. When the n people show up at the theatre, first choose r of them to go inside to form the
gueue of r people. You can do thisin [n]C[r] ways. Onceinside these r people can be lined up in r! ways.
Thus the total number of ways of forming the queuesis [n]C[r] times r! However this must also be [n]P[r] as
we've already seen, i.e.



[n]C[r]*r!=[n]P[r], or [n]C[r] = [n]P[r]/r!, equivalently [n]C[r]= n!/rI(n-r)!

Do anumber of smple problems but try once again to have students think of combinations as the number of
ways of choosing something rather than as aformula. Remind the students of the size of the factorials and that
they should avoid factorials of 'large’ numbers. Also, illustrate how if we know how many ways we can pick
say 3 people from 20 we immediately know in how many ways we can pick 17 from 20 (equivaent to picking
the 3 people we leave behind); in genera we have [n]C[r] = [n]C[n-r].

A lottery problem may hit home for some of them:

In Lotto 649 what is the probability of

a) picking the winning ticket?

b) picking none of the right numbersfor your ticket?

C) getting exactly one of the six numbers correct?

a) p = 1/[49]C[6] = 1/13,983,816, about a 1 in 14 million chance.

b) p =[6] C[0]*[43]C[6]/[49]C[6] = 6,096,454/13,983,816 =.4360... (we're picking 0 of 6 correct numbers
and 6 of 43 wrong numbers).

c) p =[6]C[1]*[43]C[5]/[49]C[6] = 6(962,598)/13,983,816 = .4130... (we're picking 1 of 6 correct numbers
and 5 of 43 wrong numbers).

Note that the chances of at most 1 correct is seen to be about .849, about 6 out of 7. | think you win $10 for
three correct. What are the chancesin this case? | think p is about .0177, roughly aone in 57 chance so that
typicaly you'll spend $57 to win $10.

To illustrate the size of the numbers involved you might consider the following - suppose you always buy the
same six numbers on Wednesday and Saturday, roughly 100 tickets per year. On the average that particular
combination will come up once in roughly (1/2)(14,000,000)/100 = 70,000 years!

For more challenging questions using combinations you might try problems such as:
Show that [2]C[2] + [3]C[2] + [4]C[2] + ... +[999]C[2] = [1000]C[3]

To do thisfrom straight calculations would of course be pretty annoying, if not futile. Thisisagood example
of why these numbers should be thought of as the number of ways of counting something, not as some
formula. The solution to the problem goes like this. In how many ways could we select 3 people from aline-up
of 10007 Clearly thisis counted by the right hand side of the given equation. Think of solving this another
way. When we pick 3 people (starting from left to right), from where we must pick the last one? If the last one
isin spot number three, we must have chosen 2 of the first 2 people already; if the last oneisin spot number
four, we must have chosen 2 of thefirst 3 people already; if the last oneisin spot number five, we must have
chosen 2 of thefirst 4 people already; ...; if the last one isin spot number 1000, we must have chosen 2 of the
first 999 people already; in total the number of possible ways to choose our 3 peopleisthe left hand side of the
given equation. Since we have solved the problem correctly twice, the answers must be equal and we're done.

One can generalize the above problem in the obvious way to prove:
[r]C[r] + [r+1]C[r] + [r+2]C[r] + ... +[n]C[r] = [n+1]C[r+1].
Often in sections on permutations and combinations one sees questions such as. How many ways can we

rearrange the letters in the word ABRACADABRA to form anew ‘word? Here a new ‘word' is one that |ooks
different.



If all the letters were distinct we would of course have 11! = 39,916,800 ‘words, but here they are not distinct
-wehave5A's, 2B's, 2 R's, 1C and 1D. Thus permuting the 5 A'sin 5! ways does not change the word, so
we are out by afactor of 120. Similarly we are out by afactor of 2 twice for the B'sand R's. In all there are
only 11!/512121111! = 83,160 ways. A possibly more intuitive way to look at such a questionisto first choose
wherethe 5 A'scan go in the 11 letter ‘word', now place the 2 B's, next the 2 R's and finally the C and the D.
Thus the number of ‘words' is[11]C[5]*[6]C[2]*[4]C[2]*[2]C[1]*[1]C[1] = 11!/512!12!1!1! = 83,160. The
same result as before.

Of course this generdizesin the natural way.

Another challenge: how many ways can you buy a dozen donuts from an unlimited supply of 5 types of
donuts?

The key hereisto think of how many ways can you line up 12 x'sand 4 /'s. Why? There isaone to one
correspondence between such lineups and possible purchases -- Xx/Xxx//xxxxxx/x corresponds to 2 of type 1,
3 of type 2, 0 of type 3, 6 of type 4 and 1 of type 5 etc. Thus we need to count the number of such lineups.
Equivalently, how many ‘words can we make from 4 /'sand 12 x's? Thisisfairly easy as we have 16 spots
tofill and 4 of them have to be chosen to be occupied by a/. Thus there are [16]C[4]*[12]C[12] = [16]C[4] =
1820 ways to buy the donuts.

What if you insist that you must purchase at |east one of each type? Then the answer isonly [11]C[4]*[7]C[7]
= [11]C[4] ways. Why?

The above problems generalize in the obvious way to buying n objects from supplies of r types.
The Binomial Theorem:

For positive integer exponents the binomial theorem should really couched in terms of combinations. (Some
teachers start off with Pascal's Triangle for the binomial coefficients - a mistake of putting the cart before the
horse among other things.)

Consider (x+y)™4. If we think of this aslong multiplication we first observe that from the product

(X+y)(x+y) (x+y)(x+y) we will get terms such as x4, x"3y, x"2y"2, xy"3 and y*4. How do we get x"4? By
choosing 4 x's out of 4 x'sto multiply, i.e. in [4]C[4] = 1 ways, How do we get x"3y? By choosing 3 X's out
of 4 x'sto multiply with ay from the remaining term, i.e. in [4]C[3] = 4 ways, How do we get x"2y"2? By
choosing 2 x's out of 4 x'sto multiply with y's from the other terms, i.e. in [4]C[2] = 6 ways, How do we get
xy”~3? By choosing 1 x out of 4 x's to multiply with y's from the other terms, i.e. in [4]C[1] =4 ways; How
do we get y*4? By choosing 0 x's out of 4 x'sto multiply with y's from the other term, i.e. in [4]C[0] =1
ways. In summary we have

X +j,.r]|" =[:]:-:" +[:]f}r +[:]:-:2}r2+[?]:-:}r3 +[:]}r" = x +4:{3}T+I5X2}'2+4-}:}f3 +j,.r".

In generd to find the coefficient of xk*y~(n-k) in (x+y)"k it is ssmply the number of ways of choosing k x's
fromn x's.i.e. [n]C[K], (these k x's will be combined with y's from the remaining terms), thus we have the

Binomia Theorem for n a positive integer:
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Introduce the binomial theorem this way and then have students do (x+y), (X+y)"2, (X+y)"3, (x+y)"4,
(X+y)"5, (x+y)"6 etc., so as to see the pattern of coefficients. Now show them Pascal's triangle.




Have students try to deduce Pascal's Identity upon which the triangle is based, namely [n]C[r] = [n-1]C][r] +
[n-1]C[r-1]. One simple way isto consider abus trip for a class of n students. The bus can only handle r
students. Also, one of the n students happens to have measles. The number of waysto fill up the busis of
course [n]C[r]. On the other hand, we must do one of two things -- leave the measly child behind or take the
meadly child. In the first case we must pick r people from n-1 while in the second case we must pick r-1 from
n-1. Having correctly solved the problem twice, the answers must be equal giving us Pascal's |dentity as
required. Illustrate the construction of Pascal's triangle from this Identity.

As achallenge you might ask your students to generalize Pascal's I dentity to prove:

[n]C[r] = [2]C[O]*[n-2]C[r] + [2]C[1]*[n-2]C[r-1]+[2]C[2]*[n-2] C[r-2].

(Thistime think of measles and malaria.)

There are many interesting properties of the binomial coefficients that can be observed from Pascal's Triangle.
For exampleif one sums across arow they will find that they always get a power of 2. If one aternately adds

and subtracts as they go across arow they find the sum is always zero. That isfor the nth row of the triangle
onefinds

T T T ! T "
0 + 1 + 5 + 3 + ... + —— + =
and
1 L T - 1 i
il - 1 + 2 - 3 + ... -1 + =

These can be proved by setting x =y = 1 and x=1, y = -1 respectively in the Binomia Theorem.
The above identities have applications when discussing sets.

If we ask how many subsets there are in a set of n e ements, the first identity above counts the number of
subsetsof size O, of size ], ..., of size n, giving atotal of 2”*n. The second identity can be used to prove that
the number of subsets with a even number of elementsis equal to the number of subsets with an odd number
of elements -- not at al an obvious fact, particularly when niseven.
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